The optimization method is often used for designing the configuration of electromagnetic apparatuses in order to enhance performance. Many optimal design methods have been developed and popularized. However, most of the optimal design methods can only take into account a single objective function. Therefore, when the problem has a few purposes, a weighted summed objective function is usually employed. Recently, we have proposed a new method, taking into account the multiple purposes simultaneously and individually. The proposed method can select one rational solution from among the Pareto optima, based on the game theory. However, the meaning of the selected rational solution is unclear. Therefore, the meaning is investigated by calculating the weight parameters of the weighted summed objective function so that the optimal solution of the weighted summed objective function is identical to the rational solution of the game theory. We can intuit the meaning of the rational solution by comparing the weight parameters.
I. INTRODUCTION

R
ECENTLY, an optimal design method consisting of a numerical simulation method and an optimization technique is often used for the design of electromagnetic apparatuses, such as motors, generators, and transformers [1] - [3] , for the sake of saving time, cost, and labor. For popularizing the optimal design method even more, it is necessary to optimize multiple objectives simultaneously and individually. Most of the common optimization methods, such as genetic algorithm, simulated annealing, and so on, can optimize only a single objective function. Hence, a weighted summed objective function is often employed for taking into account the multiple objectives. However, multiple objectives often present conflicting demands requiring a tradeoff among them, so the optimal design problem with multiple objectives builds a Pareto front. Many methods of specifying the Pareto front have been proposed [4] , [5] . It is difficult to select a single solution worthy of optimal design from among the Pareto optimal solutions. In fact, the weight parameters are decided empirically, and it is hard to comprehend the meaning of the weight parameters decided.
We had previously proposed a multi-purpose optimal design method utilizing game theory [6] . The proposed method could rationally select one solution worthy of design from among the Pareto optima. It was unnecessary to decide the weight parameters in the method. A surface permanent magnet (SPM) motor was rationally optimized by the proposed method with three objectives of minimizing the copper and iron losses and the cogging torque. We could successfully minimize the multiple objectives without the weight parameters, but the meaning of the obtained rational solution was intuitively unclear. Therefore, in this paper, the weight parameters of the weighted summed objective function are specified from the obtained rational solution. By comparing the worth of each weight parameter, the meaning of the rational solution is clarified.
II. OPTIMAL DESIGN OF SPM MOTOR BASED ON GAME THEORY When electromagnetic apparatuses with more than two conflicting objectives are to be optimally designed, the candidate optimal solutions exist on the Pareto front (see Fig. 1 ). The optimal solution to be selected has to be on the Pareto front usually. Game theory [7] , [8] was utilized in order to select a rational solution [6] , [9] .
The SPM motor was optimized by a method based on game theory [6] . Fig. 2 shows the configuration of the SPM motor 0018-9464 © 2014 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. with the design parameters, and Table I shows the specifications of the SPM motor [10] . In [6] , the three objective functions f were simultaneously maximized as follows:
where W c , W i , and T c are the copper loss, the iron loss, and the cogging torque, respectively. The design variables x 2 , x 4 , and x 6 were optimized by game theory, whereas the other variables were optimized by a simple genetic algorithm. Table II shows the optimized design variables. Each design variable is individually related to a single objective in game theory. The first objective function (1) related to the copper loss is dominated by the motor thickness x 6 , the second one (2) related to the iron loss is dominated by the teeth width x 4 , and the third one (3) related to the cogging torque is dominated by the center position of the outer arc surface of the permanent magnet x 2 .
III. MEANING OF THE RATIONAL SOLUTION
A rational solution can be obtained by game theory [6] , but its meaning is unclear. In order to clarify the meaning, the weight parameters of the weighted summed objective function are specified so that the optimal solution of the weighted summed objective function is identical to that of game theory. The way of specifying the weight parameters are described below.
First, the weighted summed objective function F to be minimized is defined as
where w, f , and n are the weight parameters of the weighted summed objective function, the single objective function, and the number of the objectives, respectively. Additionally, the weight parameters are conditioned as follows:
Here, it is assumed that the Pareto front is convex locally around the rational solution obtained by game theory. When the value of two arbitrary objective functions are ( f i , f j ) at the rational solution, there is a tangent line touching the Pareto front at the point ( f i , f j ), as shown in Fig. 3 . Here, the tangent line is represented by
where a i j and b i j are constant parameters. Considering only two arbitrary objectives, the optimization problem is transformed to the minimization of
Since the rational solution is on the Pareto front, (6) is substituted into (7). The differential of F i j becomes 0 for minimizing F i j , as follows:
Solving (8) with (5), the weight parameters w i (i = 1, . . . , n) are decided. When the weighted summed objective function F of (4) with w i is minimized, its solution must correspond to the rational solution. That is, the meaning of the rational solution will be clarified from the obtained weight parameters w i .
IV. MEANING OF THE RATIONAL SOLUTION OF OPTIMAL SPM MOTOR DESIGN
The aforementioned optimal design problem of the SPM has the three objective functions f 1 , f 2 , and f 3 . The objective with x 6 = 50.0, x 4 = 2.5, and x 2 = 3.5 [6] . Fig. 4 shows the optimized configuration of the SPM motor utilizing game theory. Two local objective functions are derived from (7) The differential functions are d
where the tangent lines are defined as
Solving (14) and (15) with (5), the weight parameters are obtained as follows:
Figs. 5 and 6 show the plot of the search points in the objective functions f 1 versus f 3 and f 2 versus f 3 , respectively. The rational solution of the SPM motor design problem exists on the Pareto front. The tangent lines, as shown in Figs. 5 and 6, are obtained as
Substituting (9)- (11) and into (18)- (20), we can obtain the weight parameters
From the obtained weight parameters, it is possible to grasp the meaning of the rational solution of the optimal SPM motor design problem. It becomes obvious that the objective function f 3 is much more worthy than f 1 and f 2 . That is, the cogging torque is more valuable than the copper and iron losses. In addition, the objective function with respect to the copper loss f 1 is much less worthy than that with respect to the iron loss f 2 .
When the units of the objective functions are the same, it is easy to compare the value of functions and to decide their weight parameter. However, for the objective functions with different units, game theory can give a rational solution. It is hard to grasp the meaning of the rational solution of such a problem. The proposed method a posteriori interprets the meaning of the rational solution by means of calculating the weight parameters. The different values of weight parameters can be obtained in an optimization problem even with the same unit of the objective functions. In fact, in the SPM motor design problem, the iron loss is evaluated much more than the copper one, and the greatest value is assigned to the cogging torque.
V. CONCLUSION
We had previously proposed the use of game theory for an optimal design problem of electromagnetic apparatuses even though the individual objectives were conflicting, requiring a tradeoff. It was successful in obtaining a rational solution based on game theory. However, the meaning of the rational solution obtained was unclear. Therefore, in this paper, we proposed a method of clarifying the meaning of the rational solution as a post process. The proposed method gave the weight parameters of the weighted summed objective functions so that its optimal value was identical to the rational solution. We could understand the meaning of the rational solution by comparing the weight parameters.
For verifying the proposed method, it was applied to the optimal design problem of the SPM motor presented in [6] . Its objective was to minimize the copper loss, the iron loss, and the cogging torque simultaneously. The obtained rational solution was evaluated from the calculated weight parameters, from which it was found that the cogging torque was the most important one.
When employing game theory, a small number of the design variables are considered as compared with the ordinary optimization method. In addition, game theory deals with only discrete variable parameters. For wide exploration, ordinary optimization methods, such as genetic algorithm, simulated annealing, or particle swarm, should be employed to fully and optimally design electromagnetic apparatuses after calculating the weight parameters by the proposed method.
